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Abstract
The notions of centrifugal (centripetal) and Coriolis’ velocities and
accelerations are introduced and considered in spaces with affine connec-
tions and metrics [ (Ln, g)-spaces] as velocities and accelerations of flows
of mass elements (particles) moving in space-time. It is shown that these
types of velocities and accelerations are generated by the relative motions
between the mass elements. They are closely related to the kinematic
characteristics of the relative velocity and relative acceleration. The null
(isotropic) vector fields are considered and their relations with the cen-
trifugal (centripetal) velocity are established. The centrifugal (centripetal)
velocity is found to be in connection with the Hubble law and the gener-
alized Doppler effect in spaces with affine connections and metrics. The
centrifugal (centripetal) acceleration could be interpreted as gravitational
acceleration as it has been done in the Einstein theory of gravitation. This
fact could be used as a basis for working out of new gravitational theories
in spaces with affine connections and metrics.
1 Introduction
1. The relative velocity and the relative acceleration between particles or mass
elements of a flow are important characteristics for describing the evolution and
the motion of a dynamic system. On the other side, the kinematic characteristics
related to the relative velocity and the relative acceleration (such as deforma-
tion velocity and acceleration, shear velocity and acceleration, rotation velocity
and acceleration, and expansion velocity and acceleration) characterize specific
1
relative motions of particles and /or mass elements in a flow [1]÷[4]. On the
basis of the links between the kinematic characteristics related to the relative
velocity and these related to the relative acceleration the evolution of a system
of particles or mass elements of a flow could be connected to the geometric
properties of the corresponding mathematical model of a space or space-time
[5]. Many of the notions of classical mechanics or of classical mechanics of
continuous media preserve their physical interpretation in more comprehensive
spaces than the Euclidean or Minkowskian spaces, considered as mathematical
models of space or space-time [6]. On this background, the generalizations of
the notions of Coriolis’ and centrifugal (centripetal) accelerations [7] from clas-
sical mechanics in Euclidean spaces are worth to be investigated in spaces with
affine connections and metrics [(Ln, g)-spaces] [8] ÷ [12].
2. Usually, the Coriolis’ and centrifugal (centripetal) accelerations are con-
sidered as apparent accelerations, generated by the non-inertial motion of the
basic vector fields determining a co-ordinate system or a frame of reference in
an Euclidean space. In Einstein’s theory of gravitation (ETG) these types of
accelerations are considered to be generated by a symmetric affine connection
(Riemannian connection) compatible with the corresponding Riemannian met-
ric [5]. In both cases they are considered as corollaries of the non-inertial motion
of particles (i.e. of the motion of particles in non-inertial co-ordinate system).
3. In the present paper the notions of Coriolis’ and centrifugal (centripetal)
accelerations are considered with respect to their relations with the geometric
characteristics of the corresponding models of space or space-time. It appears
that accelerations of these types are closely related to the kinematic character-
istics of the relative velocity and of the relative acceleration. The main idea is
to be found out how a Coriolis’ or centrifugal (centripetal) acceleration acts on
a mass element of a flow or on a single particle during its motion in space or
space-time described by a space of affine connections and metrics. In Section
1 the notions of centrifugal (centripetal) and Coriolis’ velocities are introduced
and considered in (Ln, g)-spaces. The relations between the kinematic charac-
teristics of the relative velocity and the introduced notions are established. The
null (isotropic) vector fields are considered and their relations with the centrifu-
gal (centripetal) velocity are established. The centrifugal (centripetal) velocity
is found to be in connection with the Hubble law and the generalized Doppler
effect in spaces with affine connections and metrics. In Section 2 the notions
of centrifugal (centripetal) and Coriolis’ accelerations are introduced and their
relations to the kinematic characteristics of the relative acceleration are found.
In Section 3 the interpretation of the centrifugal (centripetal) acceleration as
gravitational acceleration is given and illustrated on the basis of the Einstein
theory of gravitation and especially on the basis of the Schwarzschild metric in
vacuum.
4. The main results in the paper are given in details (even in full details) for
these readers who are not familiar with the considered problems. The definitions
and abbreviations are identical to those used in [9], [11], [12]. The reader is
kindly asked to refer to them for more details and explanations of the statements
and results only cited in this paper.
2
2 Centrifugal (centripetal) and Coriolis’ veloci-
ties
Let us now recall some well known facts from kinematics of vector fields over
spaces with affine connections and metrics [(Ln, g) - spaces], considered as mod-
els of space or space-time [1]÷[12].
Every vector field ξ could be represented by the use of a non-isotropic (non-
null) vector field u and its corresponding contravariant and covariant projective
metrics hu and hu in the form
ξ =
1
e
· g(u, ξ) · u+ g[hu(ξ)] , (1)
where
hu = g −
1
e
· u⊗ u , hu = g −
1
e
· g(u)⊗ g(u) , (2)
g = gij · ei.ej , g
ij = gji , ei.ej =
1
2
· (ei ⊗ ej + ej ⊗ ei) ,
g = gij · e
i.ej , gij = gji , e
i.ej =
1
2
· (ei ⊗ ej + ej ⊗ ei) ,
e = g(u, u) = gkl · u
k · ul = uk · u
k = uk · u
k : 6= 0 , (3)
g(u, ξ) = gij · u
i · ξj , ei = ∂i , e
j = dxj in a co-ordinate basis. (4)
By means of the representation of ξ the notions of relative velocity and
relative acceleration are introduced [9], [11] in (Ln, g) - spaces. By that, the
vector field ξ has been considered as vector field orthogonal to the vector field
u, i.e. g(u, ξ) = 0, ξ = ξ⊥ = g[hu(ξ)]. Both the fields are considered as tangent
vector fields to the corresponding co-ordinates, i.e. they fulfil the condition [8]
£ξu = −£uξ = [u, ξ] = 0, where [u, ξ] = u ◦ ξ − ξ ◦ u. Under these preliminary
conditions the relative velocity relv could be found in the form [9], [11]
relv = g[d(ξ⊥)] , (5)
where
d = σ + ω +
1
n− 1
· θ · hu . (6)
The tensor d is the deformation velocity tensor; the tensor σ is the shear
velocity tensor; the tensor ω is the rotation velocity tensor; the invariant θ is the
expansion velocity invariant. The vector field relv is interpreted as the relative
velocity of two points (mass elements, particles) moving in a space or space-
time and having equal proper times [1]÷[4]. The vector field ξ⊥ is orthogonal
to u and is interpreted as deviation vector connecting the two mass elements
(particles) (if considered as an infinitesimal vector field).
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Let us now consider the representation of the relative velocity by the use of a
non-isotropic (non-null) vector field ξ⊥ (orthogonal to u) and its corresponding
projective metrics
hξ⊥ = g −
1
g(ξ⊥, ξ⊥)
· ξ⊥ ⊗ ξ⊥ , (7)
hξ
⊥
= g −
1
g(ξ⊥, ξ⊥)
· g(ξ⊥)⊗ g(ξ⊥) . (8)
Then a vector field v could be represented in the form
v =
g(v, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ + g[hξ⊥(v)] . (9)
Therefore, the relative velocity relv could be now written in the form
relv =
g(relv, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ + g[hξ⊥(relv)] = vz + vc , (10)
where
vz =
g(relv, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ , vc = g[hξ⊥(relv)] . (11)
The vector field vz is collinear to the vector field ξ⊥. If the factor (invariant)
before ξ⊥ is positive, i.e. if
g(relv, ξ⊥)
g(ξ⊥, ξ⊥)
> 0 (12)
the vector field vz is called centrifugal velocity. If the factor (invariant) before
ξ⊥ is negative, i.e. if
g(relv, ξ⊥)
g(ξ⊥, ξ⊥)
< 0 (13)
the vector field vz is called centripetal velocity.
The vector field vc is called Coriolis’ velocity.
2.1 Centrifugal (centripetal) velocity
Properties of the centrifugal (centripetal) velocity (a) Since vz is collinear
to ξ⊥, it is orthogonal to the vector field u, i.e.
g(u, vz) = 0 . (14)
(b) The centrifugal (centripetal) velocity vz is orthogonal to the Coriolis
velocity vc
g(vz, vc) = 0 . (15)
(c) The length of the vector vz could be found by means of the relation
g(vz , vz) = v
2
z = g(
g(relv, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥,
g(relv, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥) = (16)
=
[g(relv, ξ⊥)]
2
g(ξ⊥, ξ⊥)
2
· g(ξ⊥, ξ⊥) =
[g(relv, ξ⊥)]
2
g(ξ⊥, ξ⊥)
=
[g(relv, ξ⊥)]
2
ξ2
⊥
.
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From the last expression we can conclude that the square of the length of
the centrifugal (centripetal) velocity is in general in inverse proportion to the
length of the vector field ξ
⊥
.
Special case: Mn := En, n = 3 (3-dimensional Euclidean space): ξ⊥ =
−→r ,
g(ξ⊥, ξ⊥) = r
2
v2z =
[g(−→r ,rel
−→v )]2
r2
, lvz =
√
v2z =
g(−→r ,rel
−→v )
r
. (17)
If the relative velocity relv is equal to zero then vz = 0.
(d) The scalar product between vz and relv could be found in its explicit
form by the use of the explicit form of the relative velocity relv
relv = g[d(ξ⊥)] = g[σ(ξ⊥)] + g[ω(ξ⊥)] +
1
n− 1
· θ · ξ
⊥
, (18)
and the relations
g(ξ⊥,rel v) = g(ξ⊥, g[σ(ξ⊥)]) + g(ξ⊥, g[ω(ξ⊥)]) +
1
n− 1
· θ · g(ξ⊥, ξ⊥) , (19)
g(ξ⊥, g[σ(ξ⊥)]) = σ(ξ⊥, ξ⊥) , (20)
g(ξ
⊥
, g[ω(ξ
⊥
)]) = ω(ξ
⊥
, ξ
⊥
) = 0 , (21)
g(ξ⊥,rel v) = σ(ξ⊥, ξ⊥) +
1
n− 1
· θ · g(ξ⊥, ξ⊥) . (22)
For
g(vz,rel v) = g(
g(ξ⊥,rel v)
g(ξ⊥, ξ⊥)
.ξ⊥,rel v) =
g(ξ⊥,rel v)
g(ξ⊥, ξ⊥)
· g(ξ⊥,rel v) =
=
[g(ξ⊥,rel v)]
2
g(ξ⊥, ξ⊥)
= v2z , (23)
it follows that
g(vz ,rel v) = g(vz , vz) = v
2
z . (24)
Remark. g(vz,rel v) = g(vz, vz) = v
2
z because of g(vz,rel v) = g(vz, vz + vc) =
g(vz, vz) + g(vz , vc) = g(vz, vz).
On the other side, we can express v2z by the use of the kinematic character-
istics of the relative velocity σ, ω, and θ
v2z =
[g(ξ⊥,rel v)]
2
g(ξ⊥, ξ⊥)
=
1
g(ξ⊥, ξ⊥)
· [σ(ξ⊥, ξ⊥) +
1
n− 1
· θ · g(ξ⊥, ξ⊥)]
2 =
=
1
g(ξ⊥, ξ⊥)
· {[σ(ξ⊥, ξ⊥)]
2 +
1
(n− 1)2
· θ2 · [g(ξ⊥, ξ⊥)]
2 +
+
2
n− 1
· θ · σ(ξ
⊥
, ξ
⊥
) · g(ξ
⊥
, ξ
⊥
)} ,
v2z =
[σ(ξ⊥, ξ⊥)]
2
g(ξ⊥, ξ⊥)
+
1
(n− 1)2
· θ2 · g(ξ⊥, ξ⊥) +
2
n− 1
· θ · σ(ξ⊥, ξ⊥) . (25)
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Special case: θ := 0 (expansion-free relative velocity)
v2z =
[σ(ξ⊥, ξ⊥)]
2
g(ξ⊥, ξ⊥)
=
[σ(ξ⊥, ξ⊥)]
2
ξ2
⊥
=
[σ(ξ⊥, ξ⊥)]
2
∓l2ξ
⊥
, (26)
g(ξ
⊥
, ξ
⊥
) = ∓l2ξ
⊥
, (27)
g(ξ
⊥
, ξ
⊥
) = −l2ξ
⊥
if g(u, u) = e = +l2u , (28)
g(ξ
⊥
, ξ
⊥
) = +l2ξ
⊥
if g(u, u) = e = −l2u . (29)
Special case: σ := 0 (shear-free relative velocity)
v2z =
1
(n− 1)2
· θ2 · g(ξ⊥, ξ⊥) . (30)
(e) The explicit form of vz could be found as
vz =
g(relv, ξ⊥)
g(ξ
⊥
, ξ
⊥
)
· ξ
⊥
=
1
g(ξ
⊥
, ξ
⊥
)
· [σ(ξ
⊥
, ξ
⊥
) +
1
n− 1
· θ · g(ξ
⊥
, ξ
⊥
)] · ξ
⊥
=
= [
σ(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
+
1
n− 1
· θ] · ξ⊥ ,
vz = [
1
n− 1
· θ +
σ(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
] · ξ⊥ . (31)
If
1
n− 1
· θ +
σ(ξ
⊥
, ξ
⊥
)
g(ξ
⊥
, ξ
⊥
)
> 0 , ξ2⊥ = g(ξ⊥, ξ⊥) , (32)
we have a centrifugal (relative) velocity.
If
1
n− 1
· θ +
σ(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
< 0 , (33)
we have a centripetal (relative) velocity.
Special case: θ := 0 (expansion-free relative velocity)
vz =
σ(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ . (34)
Special case: σ := 0 (shear-free relative velocity)
vz =
1
n− 1
· θ · ξ
⊥
. (35)
If the expansion invariant θ > 0 we have centrifugal (or expansion) (relative)
velocity. If the expansion invariant θ < 0 we have centripetal (or contraction)
(relative) velocity. Therefore, in the case of a shear-free relative velocity vz is
proportional to the expansion velocity invariant θ.
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If we introduce the vector field n⊥, normal to u and normalized, as
n⊥ : =
ξ⊥
lξ
⊥
, g(ξ
⊥
, ξ
⊥
) = ∓l2ξ
⊥
, ξ
⊥
= lξ
⊥
· n⊥ , (36)
lξ
⊥
= | g(ξ
⊥
, ξ
⊥
) |1/2 , g(n⊥, n⊥) = ∓1 . (37)
then the above expressions with σ(ξ⊥, ξ⊥)/ g(ξ⊥, ξ⊥) could be written in the
forms:
vz = [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] · ξ⊥ , (38)
θ := 0 : vz = ∓σ(n⊥, n⊥) · ξ⊥ , (39)
The centrifugal (centripetal) relative velocity vz could be also written in the
form
vz =
g(relv, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ = ∓
g(relv, ξ⊥)
l2ξ
⊥
· ξ⊥ =
= ∓g(relv,
ξ⊥
lξ
⊥
) ·
ξ⊥
lξ
⊥
= ∓g(relv, n⊥) · n⊥ . (40)
On the other side, on the basis of the relations
relv = g[d(ξ⊥)] = g[σ(ξ⊥)] + g[ω(ξ⊥)] +
1
n− 1
· θ · ξ⊥ ,
g[hu(ξ)] = ξ⊥ , g[hu(ξ⊥)] = g[hu(g[hu(ξ)])] = g[hu(ξ)] = ξ⊥ ,
g(g[σ(ξ⊥)], n⊥) = σ(n⊥, ξ⊥) = σ(n⊥, lξ⊥ · n⊥) = lξ⊥ · σ(n⊥, n⊥) ,
g(g[ω(ξ
⊥
)], n⊥) = ω(n⊥, ξ⊥) = ω(n⊥, lξ⊥ · n⊥) = lξ⊥ · ω(n⊥, n⊥) = 0 ,
g(ξ⊥, n⊥) = lξ⊥ · g(n⊥, n⊥) = ∓lξ⊥ ,
it follows for g(relv, n⊥)
g(relv, n⊥) = [σ(n⊥, n⊥)∓
1
n− 1
· θ] · lξ
⊥
, (41)
and for vz
vz = ∓g(relv, n⊥) · n⊥ = [∓σ(n⊥, n⊥) +
1
n− 1
· θ] · lξ
⊥
· n⊥ ,
vz = [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] · lξ
⊥
· n⊥ . (42)
Since lξ
⊥
> 0, we have three different cases:
(a)
vz > 0 : ∓σ(n⊥, n⊥) +
1
n− 1
· θ > 0 :
θ > ±(n− 1) · σ(n⊥, n⊥) , n− 1 > 0 .
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(b)
vz < 0 : ∓σ(n⊥, n⊥) +
1
n− 1
· θ < 0 :
θ < ±(n− 1) · σ(n⊥, n⊥) , n− 1 > 0 .
(c)
vz = 0 : ∓σ(n⊥, n⊥) +
1
n− 1
· θ = 0 :
θ = ±(n− 1) · σ(n⊥, n⊥) , n− 1 > 0 .
Special case: σ := 0 (shear-free relative velocity)
vz =
1
n− 1
· θ · lξ
⊥
· n⊥ .
For vz > 0 : θ > 0 we have an expansion, for vz < 0 : θ < 0 we have a
contraction, and for vz = 0 : θ = 0 we have a stationary case.
Special case: θ := 0 (expansion-free relative velocity)
vz = ∓σ(n⊥, n⊥) · lξ
⊥
· n⊥ .
For vz > 0 : ∓σ(n⊥, n⊥) > 0 we have an expansion, for vz < 0 : ∓σ(n⊥, n⊥) <
0 we have a contraction, and for vz = 0 : σ(n⊥, n⊥) = 0 we have a stationary
case.
In an analogous way we can find the explicit form of v2z as
v2z = {∓[σ(n⊥, n⊥)]
2 ∓
1
(n− 1)2
· θ2 +
2
n− 1
· θ · σ(n⊥, n⊥)} · l
2
ξ
⊥
= (43)
= ∓[σ(n⊥, n⊥)∓
1
n− 1
· θ]2 · l2ξ
⊥
. (44)
The expression for v2z could be now written in the form
v2z = ∓H
2 · l2ξ
⊥
= ∓l2vz , (45)
where
H2 = [σ(n⊥, n⊥)∓
1
n− 1
· θ]2 . (46)
Then
l2vz = H
2 · l2ξ
⊥
, lvz = | H | ·lξ⊥ , lvz > 0 . (47)
H = ∓[σ(n⊥, n⊥)∓
1
n− 1
· θ] = (48)
=
1
n− 1
· θ ∓ σ(n⊥, n⊥) . (49)
and
vz = ± lvz · n⊥ = ± | H | ·lξ⊥ · n⊥ = H · lξ⊥ · n⊥ = H · ξ⊥ . (50)
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It follows from the last expression that the centrifugal (centripetal) relative
velocity vz is collinear to the vector field ξ⊥. Its absolute value lvz = | H | ·lξ⊥
and the expression for the centrifugal (centripetal) relative velocity vz = H ·
lξ
⊥
·n⊥ = H · ξ⊥ represent generalizations of the Hubble law [15]. The function
H could be called Hubble function (some authors call it Hubble coefficient [15]).
Since H = H(xk(τ )) = H(τ ), for a given proper time τ = τ0 the function H
has at the time τ0 the value H(τ0) = H(τ = τ0) = const. The Hubble function
H is usually called Hubble constant.
Remark. The Hubble coefficient H has dimension sec−1. The function H−1
with dimension sec is usually denoted in astrophysics as Hubble’s time [15].
The Hubble function H could also be represented in the forms [12]
H =
1
n− 1
· θ ∓ σ(n⊥, n⊥) =
=
1
2
[(n⊥)(hu)(∇ug −£ug)(hu)(n⊥)] . (51)
In the Einstein theory of gravitation (ETG) the Hubble coefficient is consid-
ered under the condition that the centrifugal relative velocity is generated by
a shear-free relative velocity in a cosmological model of the type of Robertson-
Walker [15], i.e.
vz = H · lξ
⊥
· n⊥ = H · ξ⊥ with H =
1
n− 1
· θ and σ = 0 . (52)
Special case: Un - or Vn-space: ∇ug = 0, £ug := 0 (the vector field u is a
Killing vector field in the corresponding space)
H = 0 .
Therefore, in a (pseudo) Riemannian space with or without torsion (Un- or
Vn- space) the Hubble function H is equal to zero if the velocity vector field
u (n = 4) of an observer is a Killing vector field fulfilling the Killing equation
£ug = 0. This means that the condition £ug = 0 is a sufficient condition for
the Hubble function to be equal to zero.
Special case: (Ln, g)-space with ∇ug − £ug := 0 [16]. For this case, the
last expression appears as a sufficient condition for the vanishing of the Hubble
function H , i.e. H = 0 if ∇ug = £ug.
Special case: (Ln, g)-spaces with vanishing centrifugal (centripetal) velocity:
vz := 0.
vz : = 0 : H = 0 :
1
n− 1
· θ ∓ σ(n⊥, n⊥) = 0 ,
θ = ±(n− 1) · σ(n⊥, n⊥) .
Remark. The Hubble function H is introduced in the above considerations
only on a purely kinematic basis related to the notions of relative velocity and
centrifugal (centripetal) relative velocity. Its dynamic interpretation in a theory
of gravitation depends on the structure of the theory and the relations between
the field equations and the Hubble function.
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2.2 Generalized Hubble’s law and centrifugal (centripetal)
relative velocity
2.2.1 Null (isotropic) vector fields in spaces with affine connections
and metrics
The null (isotropic) vector fields are used in all cases where a radiation process
and its corresponding radiation has to be described in relativistic mechanics
and electrodynamics as well as in Einstein’s theory of gravitation [5]. The null
(isotropic) vector fields are related to the wave vector of the classical electro-
dynamics and used for an invariant description of wave propagation in different
types of spaces or space-times.
Definition. A null (isotropic) vector filed is a contravariant vector field k : 6=
0 ∈T (M) with zero length lk = | g(k, k) |
1/2= 0.
Remark. Since
k2 = g(k, k) = 0 = ±l2k
we have lk = | k |= | g(k, k) |
1/2= 0.
As a contravariant vector field the null vector field k could be represented by
its projections along and orthogonal to a given non-isotropic (non-null) vector
field u
k =
1
e
· g(u, k) · u+ g[hu(k)] ,
where
e = g(u, u) = ±l2u : 6= 0 .
The invariant (scalar product of u and k) g(u, k) := ω is interpreted as the
frequency ω of the radiation related to the null vector k and detected by an
observer with velocity u
g(u, k) = ω := 2 · pi · ν . (53)
The contravariant non-isotropic (non-null) vector field u and its correspond-
ing vector field ξ
⊥
, orthogonal to u [g(u, ξ
⊥
) = 0], could be written in the
forms
u = lu · nq , lu > 0 , (54)
g(u, u) = l2u · g(nq, nq) = ±l
2
u , (55)
g(nq, nq) = ±1 , (56)
ξ⊥ = lξ⊥ · n⊥ , lξ⊥ > 0 , (57)
g(ξ⊥, ξ⊥) = l
2
ξ
⊥
· g(n⊥, n⊥) = ∓l
2
ξ
⊥
, (58)
g(n⊥, n⊥) = ∓1 . (59)
The vector fields nq and n⊥ are normalized unit vector fields orthogonal to
each other, i.e.
g(nq, n⊥) = 0 . (60)
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Proof. From g(u, ξ⊥) = 0 = g(lu ·nq, lξ⊥ ·n⊥) = lu · lξ⊥ ·g(nq, n⊥) and lu 6= 0,
lξ
⊥
6= 0, it follows that g(nq, n⊥) = 0.
By the use of the unit vector fields nq and n⊥ the null vector field k could
be written in the form
k = kq + k⊥ , g(kq, k⊥) = 0 , (61)
where
kq =
ω
e
· u = ±
ω
l2u
· lu · nq = ±
ω
lu
· nq . (62)
k⊥ = g[hu(k)] = k ∓
ω
lu
· nq = ∓lk⊥ · n⊥ , (63)
g(k⊥, k⊥) = ∓l
2
k⊥
= l2k⊥ · g(n⊥, n⊥) , (64)
g(k, k) = g(k⊥, k⊥) + g(kq, kq) =
= g(k⊥, k⊥) + g(±
ω
lu
· nq,±
ω
lu
· nq) =
= ∓l2k⊥ +
ω2
l2u
· g(nq, nq) = ∓l
2
k⊥
±
ω2
l2u
= 0 , (65)
∓ l2k⊥ = ∓
ω2
l2u
, l2k⊥ =
ω2
l2u
, lk⊥ =
ω
lu
, (66)
k⊥ = ∓
ω
lu
· n⊥ , (67)
k =
ω
lu
· (±nq ∓ n⊥) , g(k, k) = 0 . (68)
2.2.2 Centrifugal (centripetal) relative velocity and null vector fields
The frequency ω of the radiation related to the null vector field k and detected
by an observer with velocity vector field u has been determined as the projection
of the non-isotropic (non-null) velocity vector field u at the vector field k (or
vice versa): ω = g(u, k). In an analogous way, the projection of the centrifugal
(centripetal) relative velocity vz at the part of k, orthogonal to u, (or vice
versa) could be interpreted as the change relω := g(vz , k⊥) of the frequency ω
of the emitter under the motion of the observer described by the centrifugal
(centripetal) relative velocity vz. By the use of the relations
g(u, k) = ω , g(n⊥, k⊥) =
ω
lu
,
vz = [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] · lξ
⊥
· n⊥ ,
the projection g(vz , k⊥) of vz at k⊥ could be found in the form
relω = g(vz , k⊥) = [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] · lξ
⊥
· g(n⊥, k⊥) = (69)
=
ω
lu
· [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] · lξ
⊥
. (70)
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If we introduce the abbreviation for the Hubble function
H =
1
n− 1
· θ ∓ σ(n⊥, n⊥) (71)
then the expression for relω could be written in the form
relω = H ·
lξ
⊥
lu
· ω . (72)
As mentioned above, the frequency ω is the frequency detected by the ob-
server with the velocity vector field u. The frequency of the emitter ω could be
find by the use of the relation between ω and ω on the basis of the expression
of the change of ω under the centrifugal (centripetal) motion [described by the
centrifugal (centripetal) velocity vz ] as
ω = ω + relω , ω = ω − relω . (73)
Therefore, the radiation with frequency ω by the emitter could be expressed
as
ω = ω + relω = ω +H ·
lξ
⊥
lu
· ω = (1 +H ·
lξ
⊥
lu
) · ω (74)
and it will be detected by the observer as the frequency ω. The relative difference
between both the frequencies (emitted ω and detected ω)
ω − ω
ω
:=
△ω
ω
appears in the form
△ω
ω
=
ω − ω
ω
= H ·
lξ
⊥
lu
. (75)
If we introduce the abbreviation
z := H ·
lξ
⊥
lu
(76)
we obtain the relation between the emitted frequency ω and the frequency de-
tected by the observer in the form
ω − ω
ω
= z , ω = (1 + z) · ω . (77)
The quantity z could be denoted as observed shift frequency parameter.
If z = 0 then H = 0 and there will be no difference between the emitted and
detected frequencies: ω = ω, i.e. for z = 0 ω = ω. This will be the case if
θ = ±(n− 1) · σ(n⊥, n⊥) . (78)
If z > 0 the observed shift frequency parameter is called red shift. If z < 0
the observed shift frequency parameter is called blue shift. If ω and ω are known
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the observed shift frequency parameter z could be found. If w and z are given
then the corresponding ω could be estimated.
On the other side, from the explicit form of z
z = H ·
lξ
⊥
lu
= [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] ·
lξ
⊥
lu
(79)
we could find the relation between the observed shift frequency parameter z and
the kinematic characteristics of the relative velocity such as the expansion and
shear velocities.
Special case: (Ln, g)-spaces with shear-free relative velocity: σ := 0.
z =
1
n− 1
· θ ·
lξ
⊥
lu
, H =
1
n− 1
· θ . (80)
Special case: (Ln, g)-spaces with expansion-free relative velocity: θ := 0.
z = ∓σ(n⊥, n⊥) ·
lξ
⊥
lu
, H = ∓σ(n⊥, n⊥) . (81)
On the grounds of the observed shift frequency parameter z the distance (the
length lξ
⊥
of ξ
⊥
) between the observer [with the world line xi(τ ) and velocity
vector field u = ddτ ] and the observed object (at a distance lξ⊥ from the observer)
emitted radiation with null vector field k could be found as
lξ
⊥
= z ·
lu
H
=
ω − ω
ω
·
lu
H
. (82)
On the other side, if z, H , and lξ
⊥
are known the absolute value lu of the
velocity vector u could be found as
lu =
H
z
· lξ
⊥
=
H · ω
ω − ω
· lξ
⊥
. (83)
Remark. In the Einstein theory of gravitation (ETG) the absolute value of
u is usually normalized to 1 or c, i.e. lu = 1, c. Then the last expression could
be used for experimental check up of the velocity c of light in vacuum if z, H ,
and lξ
⊥
are known
c =
H
z
· lξ
⊥
=
H · ω
ω − ω
· lξ
⊥
. (84)
Since
z = [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] ·
lξ
⊥
lu
=
ω − ω
ω
it follows that
lu =
ω
ω − ω
· [
1
n− 1
· θ ∓ σ(n⊥, n⊥)] · lξ
⊥
. (85)
Analogous expression we can find for the length lξ
⊥
of the vector field ξ⊥
lξ
⊥
= (n− 1) · (
ω
ω
− 1) ·
lu
θ ∓ (n− 1) · σ(n⊥, n⊥)
. (86)
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Special case: (Ln, g)-space with shear-free relative velocity: σ := 0.
lu =
ω
ω − ω
·
1
n− 1
· θ · lξ
⊥
, (87)
lξ
⊥
= (n− 1) · (
ω
ω
− 1) ·
lu
θ
. (88)
Special case: (Ln, g)-space with expansion-free relative velocity: θ := 0.
lu = ∓
ω
ω − ω
· σ(n⊥, n⊥) · lξ
⊥
, (89)
lξ
⊥
= ∓(
ω
ω
− 1) ·
lu
σ(n⊥, n⊥)
. (90)
By the use of the relation between the Hubble function H and the observed
shift parameter z we can express the centrifugal (centripetal) velocity by means
of the frequencies ω and ω. From
vz = H · lξ
⊥
· n⊥ , H = z ·
lu
lξ
⊥
= (
ω
ω
− 1) ·
lu
lξ
⊥
,
it follows that
vz = z · lu · n⊥ = (
ω
ω
− 1) · lu · n⊥ . (91)
Then
g(vz , vz) = ∓(
ω
ω
− 1)2 · l2u = ∓l
2
vz ,
lvz = ±(
ω
ω
− 1) · lu , ± lvz = (
ω
ω
− 1) · lu , (92)
lvz > 0 , lu > 0, lξ⊥ > 0 , (93)
where (since lvz > 0)
ω > ω : lvz = (
ω
ω
− 1) · lu , (94)
ω < ω : lvz = (1−
ω
ω
) · lu . (95)
On the other side, we can express the relation between ω and ω by means
of the last relations:
ω
ω
= 1±
lvz
lu
, ω = (1±
lvz
lu
) · ω , (96)
ω > ω : ω = (1 +
lvz
lu
) · ω , (97)
ω < ω : ω = (1−
lvz
lu
) · ω . (98)
14
If we express the frequencies as ω = 2 · pi · ν and ω = 2 · pi · ν we obtain
ν > ν : ν = (1 +
lvz
lu
) · ν , (99)
ν < ω : ν = (1−
lvz
lu
) · ν . (100)
The last relations represent a generalization of the Doppler effect in (Ln, g)-
spaces.
It should be stressed that the generalized Doppler effect is a result of pure
kinematic considerations of the properties of a null (isotropic) vector field by
means of the kinematic characteristics of the relative velocity in spaces with
affine connections and metrics. The Hubble function H , the observed shift
frequency parameter z are kinematic characteristics related to the centrifugal
(centripetal) relative velocity. For different classic field theories they could have
different relations to the dynamic variables of the corresponding theory.
2.3 Coriolis’ velocity
The vector field
vc = g[hξ
⊥
(relv)] = g
ij · (hξ
⊥
)jk · relv
k · ∂i (101)
is called Coriolis’ velocity.
Properties of the Coriolis’ velocity (a) The Coriolis velocity is orthogonal
to the vector field u, interpreted as velocity of a mass element (particle), i.e.
g(u, vc) = 0 . (102)
Proof: From the definition of the Coriolis velocity, it follows
g(u, vc) = g(u, g[hξ
⊥
(relv)] = gij · u
i · gjk · (hξ
⊥
)kl · relv
l =
= gij · g
jk · ui · (hξ
⊥
)kl · relv
l = gki · u
i · (hξ
⊥
)kl · relv
l = (103)
= (hξ
⊥
)kl · u
k · relv
l = (u)(hξ
⊥
)(relv) .
Since
(u)(hξ
⊥
) = (hξ
⊥
)kl · u
k · dxl = (u)(g)−
1
g(ξ⊥, ξ⊥)
· (u)[g(ξ⊥)] · g(ξ⊥) =
= g(u)−
1
g(ξ⊥, ξ⊥)
· g(u, ξ⊥) · g(ξ⊥) = g(u) , (104)
g(u, ξ⊥) = 0 ,
then (u)(hξ
⊥
)(relv) = [g(u)](relv) = g(u,rel v) = 0. Because of g(u,rel v) = 0, it
follows that g(u, vc) = 0.
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(b) The Coriolis velocity vc is orthogonal to the centrifugal (centripetal)
velocity vz
g(vc, vz) = 0 . (105)
(c) The length of the vector vc could be found by the use of the relations:
vc = g[hξ
⊥
(relv)] ,
hξ
⊥
(relv) = g(relv)−
1
g(ξ⊥, ξ⊥)
· [g(ξ⊥)](relv) · g(ξ⊥) =
= g(relv)−
g(ξ
⊥
,rel v)
g(ξ
⊥
, ξ
⊥
)
· g(ξ⊥) , (106)
[g(ξ⊥)](relv) = g(ξ⊥,rel v) ,
vc = g[hξ
⊥
(relv)] = relv −
g(ξ⊥,rel v)
g(ξ⊥, ξ⊥)
· ξ⊥ , (107)
g(vc, vc) = v
2
c = g(relv −
g(ξ⊥,rel v)
g(ξ
⊥
, ξ
⊥
)
· ξ
⊥
,rel v −
g(ξ⊥,rel v)
g(ξ
⊥
, ξ
⊥
)
· ξ
⊥
) =
= g(relv,rel v)−
g(ξ⊥,rel v)
g(ξ⊥, ξ⊥)
· g(ξ⊥,rel v)−
g(ξ⊥,rel v)
g(ξ⊥, ξ⊥)
· g(relv, ξ⊥) +
+
[g(ξ⊥,rel v)]
2
g(ξ
⊥
, ξ
⊥
)
,
g(vc, vc) = v
2
c = g(relv,rel v)−
[g(ξ⊥,rel v)]
2
g(ξ⊥, ξ⊥)
. (108)
On the other side, because of (u)(hu) = hu(u) = 0, and relv = g[hu(∇uξ⊥)], it
follows that
g(u,rel v) = hu(u,∇uξ⊥) = (u)(hu)(∇uξ⊥) ,
g(u,rel v) = (u)(hu)(∇uξ⊥) = 0 . (109)
Since
g(relv,rel v) = relv
2 = g(g[d(ξ⊥)], g[d(ξ⊥)])=
= g(d(ξ⊥), d(ξ⊥)) , £uξ⊥ = 0 , (110)
g(d(ξ⊥), d(ξ⊥)) = g(σ(ξ⊥) + ω(ξ⊥) +
1
n− 1
· θ · g(ξ⊥),
σ(ξ⊥) + ω(ξ⊥) +
1
n− 1
· θ · g(ξ⊥))
we obtain
16
g(relv,rel v) = relv
2 = g(d(ξ
⊥
), d(ξ
⊥
)) =
= g(σ(ξ⊥), σ(ξ⊥)) + g(ω(ξ⊥), ω(ξ⊥)) +
+
1
(n− 1)2
· θ2 · g(ξ
⊥
, ξ
⊥
) +
+2 · g(σ(ξ⊥), ω(ξ⊥)) +
2
n− 1
· θ · σ(ξ⊥, ξ⊥) . (111)
Special case: σ := 0, θ := 0 (shear-free and expansion-free velocity).
relv
2 = g(ω(ξ
⊥
), ω(ξ
⊥
)) . (112)
Special case: ω := 0 (rotation-free velocity).
relv
2 = g(σ(ξ⊥), σ(ξ⊥))+
1
(n− 1)2
· θ2 · g(ξ⊥, ξ⊥)+
2
n− 1
· θ ·σ(ξ⊥, ξ⊥) . (113)
Special case: θ := 0, ω := 0 (expansion-free and rotation-free velocity).
relv
2 = g(σ(ξ
⊥
), σ(ξ
⊥
)) . (114)
Special case: σ := 0, ω := 0 (shear-free and rotation-free velocity).
relv
2 =
1
(n− 1)2
· θ2 · g(ξ⊥, ξ⊥) . (115)
Special case: θ := 0 (expansion-free velocity).
relv
2 = g(σ(ξ
⊥
), σ(ξ
⊥
)) + g(ω(ξ
⊥
), ω(ξ
⊥
)) + 2 · g(σ(ξ
⊥
), ω(ξ
⊥
)) . (116)
The square v2c of vc could be found on the basis of the relation v
2
c = relv
2−v2z
v2c = relv
2 − v2z = g(σ(ξ⊥), σ(ξ⊥))−
[σ(ξ⊥, ξ⊥)]
2
g(ξ⊥, ξ⊥)
+
+g(ω(ξ⊥), ω(ξ⊥)) + 2 · g(σ(ξ⊥), ω(ξ⊥)) . (117)
Therefore, the length of vc does not depend on the expansion velocity in-
variant θ.
Special case: σ := 0 (shear-free velocity).
v2c = g(ω(ξ⊥), ω(ξ⊥)) . (118)
Special case: ω := 0 (rotation-free velocity).
v2c = g(σ(ξ⊥), σ(ξ⊥))−
[σ(ξ
⊥
, ξ
⊥
)]2
g(ξ⊥, ξ⊥)
. (119)
Therefore, even if the rotation velocity tensor ω is equal to zero (ω = 0), the
Coriolis (relative) velocity vc is not equal to zero if σ 6= 0.
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(d) The scalar product between vc and relv could be found in its explicit
form by the use of the relations:
g(vc,rel v) = hξ
⊥
(relv,rel v) = relv
2 −
[g(ξ⊥,rel v)]
2
g(ξ⊥, ξ⊥)
= relv
2 − v2z = v
2
c . (120)
(e) The explicit form of vc could be found by the use of the relations
vc = g[hξ
⊥
(relv)] = relv −
g(ξ⊥,rel v)
g(ξ⊥, ξ⊥)
· ξ⊥ = relv − vz ,
vc = g[σ(ξ⊥)]−
σ(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ + g[ω(ξ⊥)] . (121)
Therefore, the Coriolis velocity does not depend on the expansion velocity
invariant θ.
Special case: σ := 0 (shear-free velocity).
vc = g[ω(ξ⊥)] . (122)
Special case: ω := 0 (rotation-free velocity).
vc = g[σ(ξ⊥)]−
σ(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ . (123)
(f) The Coriolis velocity vc is orthogonal to the deviation vector ξ⊥, i.e.
g(vc, ξ⊥) = 0.
Proof: From g(vc, ξ⊥) = g(g[hξ⊥(relv)], ξ⊥) = hξ⊥(ξ⊥,rel v) = (ξ⊥)(hξ⊥)(relv)
and (ξ⊥)(hξ⊥) = 0, it follows that
g(vc, ξ⊥) = 0. (124)
3 Centrifugal (centripetal) and Coriolis’ accel-
erations
In analogous way as in the case of centrifugal (centripetal) and Coriolis’ veloci-
ties, the corresponding accelerations could be defined by the use of the projec-
tions of the relative acceleration rela = g[hu(∇u∇uξ⊥)] along or orthogonal to
the vector field ξ
⊥
rela =
g(ξ⊥, rela)
g(ξ
⊥
, ξ
⊥
)
· ξ
⊥
+ g[hξ
⊥
(rela)] = az + ac , (125)
where
az =
g(ξ⊥, rela)
g(ξ⊥, ξ⊥)
· ξ⊥ , (126)
ac = g[hξ
⊥
(rela)] . (127)
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If
g(ξ⊥, rela)
g(ξ⊥, ξ⊥)
> 0 (128)
the vector field az is called (relative) centrifugal acceleration. If
g(ξ⊥, rela)
g(ξ⊥, ξ⊥)
< 0 (129)
the vector field az is called (relative) centripetal acceleration.
The vector field ac is called (relative) Coriolis’ acceleration.
3.1 Centrifugal (centripetal) acceleration
The relative acceleration rela is orthogonal to the vector field u.
Proof: From g(u,rel a) = g(u, g[hu(∇u∇uξ⊥)]) = (u)(hu)(∇u∇uξ⊥) and
(u)(hu) = hu(u) = 0, it follows that
g(u,rel a) = 0 . (130)
(a) The centrifugal (centripetal) acceleration az is orthogonal to the vector
field u, i.e.
g(u, az) = 0. (131)
Proof: From
g(u, az) = g(u,
g(ξ⊥, rela)
g(ξ⊥, ξ⊥)
· ξ⊥) =
=
g(ξ
⊥
, rela)
g(ξ
⊥
, ξ
⊥
)
· g(u, ξ⊥) , (132)
g(u, ξ⊥) = 0 ,
it follows that g(u, az) = 0.
(b) The centrifugal (centripetal) acceleration az is orthogonal to the Coriolis
acceleration ac, i.e.
g(az, ac) = 0 . (133)
Proof: From
g(
g(ξ⊥, rela)
g(ξ⊥, ξ⊥)
· ξ⊥, g[hξ⊥(rela)]) =
g(ξ⊥, rela)
g(ξ⊥, ξ⊥)
· g(ξ⊥, g[hξ⊥(rela)]) ,
g(ξ
⊥
, g[hξ
⊥
(rela)]) = (ξ⊥)(hξ⊥)(rela) , (134)
(ξ⊥)(hξ⊥) = (hξ⊥)(ξ⊥) = 0 , (135)
it follows that g(az, ac) = 0.
(c) The length of the vector az could be found on the basis of the relations
a2z = g(az, az) =
[g(ξ⊥, rela)]
2
g(ξ⊥, ξ⊥)
. (136)
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Therefore, in general, the square a2z of the length of the centrifugal (cen-
tripetal) acceleration az is reverse proportional to ξ
2
⊥ = g(ξ⊥, ξ⊥).
Special case: Mn = En, n = 3 (3-dimensional Euclidean space).
ξ⊥ : =
−→r , g(ξ⊥, ξ⊥) = r
2 , rela = rel
−→a ,
a2z =
[g(−→r , rel
−→a )]2
r2
, laz =
g(−→r , rel
−→a )
r
= g(n⊥, rel
−→a ) , (137)
n⊥ : =
−→r
r
, g(n⊥, n⊥) =
g(−→r ,−→r )
r2
= n2⊥ = 1 . (138)
The length laz =| g(az, az) |
1/2 of the centrifugal (centripetal) acceleration
az is equal to the projection of the relative acceleration rel
−→a at the unit vector
field n⊥ along the vector field ξ⊥. If laz = g(n⊥, rel
−→a ) = 0, i.e. if the relative
acceleration rel
−→a is orthogonal to the radius vector−→r [rel
−→a ⊥ −→r ], then az = 0.
If the relative acceleration rela is equal to zero then the centrifugal (cen-
tripetal) acceleration az is also equal to zero.
(d) The scalar product g(ξ
⊥
,rel a) could be found in its explicit form by the
use of the explicit form of rela [9]
rela = g[A(ξ⊥)] = g[sD(ξ⊥)] + g[W (ξ⊥)] +
1
n− 1
· U · ξ⊥ . (139)
Then
g(ξ⊥, rela) = sD(ξ⊥, ξ⊥) +
1
n− 1
· U · g(ξ⊥, ξ⊥) , (140)
a2z =
[g(ξ⊥, rela)]
2
g(ξ
⊥
, ξ
⊥
)
=
=
1
g(ξ⊥, ξ⊥)
· [sD(ξ⊥, ξ⊥) +
1
n− 1
· U · g(ξ⊥, ξ⊥)]
2 =
=
[sD(ξ⊥, ξ⊥)]
2
g(ξ⊥, ξ⊥)
+
1
(n− 1)2
· U2 · g(ξ⊥, ξ⊥) +
+
2
n− 1
· U · sD(ξ⊥, ξ⊥) . (141)
Special case: sD := 0 (shear-free acceleration).
a2z =
1
(n− 1)2
· U2 · g(ξ
⊥
, ξ
⊥
) . (142)
Special case: U := 0 (expansion-free acceleration).
a2z =
[sD(ξ⊥, ξ⊥)]
2
g(ξ
⊥
, ξ
⊥
)
. (143)
(e) The explicit form of az could be found in the form
az =
g(ξ⊥, rela)
g(ξ⊥, ξ⊥)
· ξ⊥ =
sD(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ +
1
n− 1
· U · ξ⊥ =
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= [
1
n− 1
· U +
sD(ξ⊥, ξ⊥)
g(ξ
⊥
, ξ
⊥
)
] · ξ
⊥
= (144)
= [
1
n− 1
· U ± sD(n⊥, n⊥)] · ξ⊥ . (145)
If
1
n− 1
· U +
sD(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
> 0 (146)
az is a centrifugal (relative) acceleration. If
1
n− 1
· U +
sD(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
< 0 (147)
az is a centripetal (relative) acceleration.
In a theory of gravitation the centripetal (relative) acceleration could be
interpreted as gravitational acceleration.
Special case: sD := 0 (shear-free relative acceleration).
az =
1
n− 1
· U · ξ⊥ . (148)
If the expansion acceleration invariant U > 0 the acceleration az is a cen-
trifugal (or expansion) acceleration. If U < 0 the acceleration az is a centripetal
(or contraction) acceleration. Therefore, in the case of a shear-free relative ac-
celeration the centrifugal or the centripetal acceleration is proportional to the
expansion acceleration invariant U .
3.2 Coriolis’ acceleration
The vector field ac, defined as
ac = g[hξ
⊥
(rela)] ,
is called Coriolis’ (relative) acceleration. On the basis of its definition, the
Coriolis acceleration has well defined properties.
(a) The Coriolis acceleration is orthogonal to the vector field u, i.e.
g(u, ac) = 0. (149)
Proof: From
g(u, ac) = g(u, g[hξ
⊥
(rela)]) = (u)(hξ
⊥
)(rela) = hξ
⊥
(u,rel a)
and
(u)(hξ
⊥
) = (hξ
⊥
)(u) = g(u) , g(u,rel a) = 0 , (150)
it follows that
g(u, ac) = [g(u)](rela) = g(u,rel a) = 0.
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(b) The Coriolis acceleration ac is orthogonal to the centrifugal (centripetal)
acceleration az, i.e.
g(ac, az) = 0 . (151)
(c) The Coriolis acceleration ac is orthogonal to the deviation vector ξ⊥, i.e.
g(ξ
⊥
, ac) = 0 . (152)
(d) The length
√
| a2c | =
√
| g(ac, ac) | of ac could be found by the use of
the relations
ac = g[hξ
⊥
(rela)] ,
[g(ξ⊥)](rela) = g(ξ⊥,rel a) , (153)
hξ
⊥
(rela) = g(rela)−
g(ξ⊥,rel a)
g(ξ⊥, ξ⊥)
· g(ξ
⊥
) , (154)
ac = g[hξ
⊥
(rela)] = rela− az = (155)
= rela−
g(ξ⊥,rel a)
g(ξ⊥, ξ⊥)
· ξ⊥ . (156)
For a2c we obtain
a2c = g(ac, ac) = g(rela− az, rela− az) =
= g(rela,rel a) + g(az, az)− 2 · g(az,rel a) . (157)
Since
g(az, az) = g(az,rel a) =
[g(ξ
⊥
),rel a)]
2
g(ξ⊥, ξ⊥)
, (158)
a2c = g(rela,rel a)− g(az, az) = rela
2 − a2z , (159)
g(rela,rel a) = rela
2 = g(g[A(ξ⊥)], g[A(ξ⊥)]) =
= g(A(ξ⊥), A(ξ⊥)) ,
A = sD +W +
1
n− 1
· U · hu ,
A(ξ
⊥
) = sD(ξ⊥) +W (ξ⊥) +
1
n− 1
· U · g(ξ
⊥
) ,
hu(ξ⊥) = g(ξ⊥) ,
g(sD(ξ⊥), hu(ξ⊥)) = sD(ξ⊥, ξ⊥) , (160)
g(W (ξ⊥), hu(ξ⊥)) = W (ξ⊥, ξ⊥) = 0 , (161)
g(hu(ξ⊥), hu(ξ⊥)) = hu(ξ⊥, ξ⊥) = g (ξ⊥, ξ⊥) , (162)
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it follows for rela
2
rela
2 = g(rela,rel a) = g(sD(ξ⊥),sD(ξ⊥)) + g(W (ξ⊥),W (ξ⊥)) +
+2 · g(sD(ξ⊥),W (ξ⊥)) +
+
2
n− 1
· U · sD(ξ⊥, ξ⊥) +
1
(n− 1)2
· U2 · g (ξ
⊥
, ξ
⊥
) . (163)
On the other side,
a2z =
[sD(ξ⊥, ξ⊥)]
2
g(ξ⊥, ξ⊥)
+
1
(n− 1)2
· U2 · g(ξ⊥, ξ⊥) +
2
n− 1
· U · sD(ξ⊥, ξ⊥) .
Therefore,
a2c = rela
2 − a2z =
= g(sD(ξ⊥),sD(ξ⊥))−
[sD(ξ⊥, ξ⊥)]
2
g(ξ⊥, ξ⊥)
+
+g(W (ξ⊥),W (ξ⊥)) + 2 · g(sD(ξ⊥),W (ξ⊥)) . (164)
Special case: sD := 0 (shear-free acceleration).
a2c = g(W (ξ⊥),W (ξ⊥)) . (165)
Special case: W := 0 (rotation-free acceleration).
a2c = g(sD(ξ⊥),sD(ξ⊥))−
[sD(ξ⊥, ξ⊥)]
2
g(ξ
⊥
, ξ
⊥
)
. (166)
The explicit form of ac could be found by the use of the relations:
ac = g[hξ
⊥
(rela)] = rela−
g(ξ⊥,rel a)
g(ξ⊥, ξ⊥)
· ξ⊥ = rela− az =
= g[sD(ξ⊥)]−
sD(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ + g[W (ξ⊥)] = (167)
= g[sD(ξ⊥)]∓ sD(n⊥, n⊥) · ξ⊥ + g[W (ξ⊥)] . (168)
Therefore, the Coriolis acceleration ac does not depend on the expansion
acceleration invariant U .
Special case: sD := 0 (shear-free acceleration).
ac = g[W (ξ⊥)] . (169)
Special case: W := 0 (rotation-free acceleration).
ac = g[sD(ξ⊥)]−
sD(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
· ξ⊥ = (170)
= g[sD(ξ⊥)]∓ sD(n⊥, n⊥) · ξ⊥ . (171)
The Coriolis acceleration depends on the shear acceleration sD and on the
rotation acceleration W . These types of accelerations generate a Coriolis accel-
eration between particles or mass elements in a flow.
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4 Centrifugal (centripetal) acceleration as grav-
itational acceleration
1. The main idea of the Einstein theory of gravitation (ETG) is the identifi-
cation of the centripetal acceleration with the gravitational acceleration. The
weak equivalence principle stays that a gravitational acceleration could be com-
pensated by a centripetal acceleration and vice versa. From this point of view,
it is worth to be investigated the relation between the centrifugal (centripetal)
acceleration and the Einstein theory of gravitation as well as the possibility for
describing the gravitational interaction as result of the centrifugal (centripetal)
acceleration generated by the motion of mass elements (particles).
The structure of the centrifugal (centripetal) acceleration could be consid-
ered on the basis of its explicit form expressed by means of the kinematic char-
acteristics of the relative acceleration and the relative velocity. The centrifugal
(centripetal) acceleration is written as
az = [
1
n− 1
· U +
sD(ξ⊥, ξ⊥)
g(ξ⊥, ξ⊥)
] · ξ⊥ .
The vector field ξ⊥ is directed outside of the trajectory of a mass element
(particle). If the mass element generates a gravitational field the acceleration
az should be in the direction to the mass element. If the mass element moves in
an external gravitational field caused by an other gravitational source then the
acceleration az should be directed to the source. The expansion (contraction)
invariant U could be expressed by means of the kinematic characteristics of the
relative acceleration or of the relative velocity in the forms [3], [9]
U = U0 + I = FU0 − TU0 + I , U0 = FU0 − TU0 , (172)
where FU0 is the torsion-free and curvature-free expansion acceleration, TU0 is
the expansion acceleration induced by the torsion and I is the expansion acceler-
ation induced by the curvature, U0 is the curvature-free expansion acceleration
FU0 = g[b]−
1
e
· g(u,∇ua) , (173)
FU0 = a
k
;k −
1
e
· gkl · u
k · al ;m · u
m , (174)
U0 = g[b]− g[sP (g)σ]− g[Q(g)ω]− θ˙1 −
1
n− 1
· θ1 · θ −
−
1
e
· [g(u, T (a, u)) + g(u,∇ua)] , (175)
I = Rij · u
i · uj , g[b] = gij · b
ij = gij · a
i
;n · g
nj = an ;n . (176)
2. In the ETG only the term I is used on the basis of the Einstein equations.
The invariant I represents an invariant generalization of Newton’s gravitational
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law [13]. In a Vn-space (n = 4) of the ETG, a free moving spinless test particle
with a = 0 will have an expansion (contraction) acceleration U = I (U0 = 0) if
Rij 6= 0 and U = I = 0 if Rij = 0. At the same time, in a Vn-space (the bars
over the indices should be omitted)
sD = sM , sD0 = 0 , M = hu(Ks)hu , (177)
Mij = hik ·K
kl
s · hlj =
1
2
· hik · (K
kl
s +K
lk
s ) · hlj =
=
1
2
· hik · (R
k
mnr · u
m · un · grl +Rl mnr · u
m · un · grk) · hlj =
=
1
2
· um · un · (hik ·R
k
mnr · g
rl · hlj + hik · R
l
mnr · g
rk · hlj) =
=
1
2
· um · un · [hik ·R
k
mnr · g
rl · (glj −
1
e
· ul · uj) +
+hlj · R
k
mnr · g
rk · (gki −
1
e
· uk · ui) . (178)
Since
hik · R
k
mnr · g
rl · (glj −
1
e
· ul · uj) =
= (gik −
1
e
· ui · uk) · R
k
mnr · g
rl · glj −
−
1
e
· (gik −
1
e
· ui · uk) · R
k
mnr · g
rl · ul · uj ,
Rk mnr · g
rl · ul = R
k
mnr · u
r ,
uk · R
k
mnr = gks · u
s ·Rk mnr ,
we have
hik ·R
k
mnr · g
rl · hlj = gik · R
k
mnr · g
rl · glj −
−
1
e
· ui · gks · u
s · Rk mnr · g
rl · glj −
−
1
e
· gik · R
k
mnr · g
rl · gls · u
s · uj + (179)
+
1
e2
· ui · gks · u
s · Rk mnr · g
rl · glq · u
q · uj .
Special case: Vn-space: S := C.
Mij = Rimnj · u
m · un . (180)
sDij = sMij =Mij −
1
n− 1
· I · hij =
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= Rimnj · u
m · un −
1
n− 1
· Rmn · u
m · un · hij ,
sDij = (Rimnj −
1
n− 1
·Rmn · hij ) · u
m · un = sMij , (181)
U = I = Rij · u
i · uj .
In a Vn-space the components a
i
z of the centrifugal (centripetal) acceleration
az have the form
aiz = (
1
n− 1
· U +
sDjk · ξ
j
⊥
· ξk⊥
grs · ξ
r
⊥
· ξs
⊥
) · ξi
⊥
= (182)
= [
1
n− 1
·Rmn · u
m · un +
+
1
grs · ξ
r
⊥
· ξs
⊥
· (Rjmnk −
1
n− 1
· Rmn · hjk) · u
m · un · ξj
⊥
· ξk
⊥
] · ξi
⊥
.
3. If the Einstein equations in vacuum without cosmological term (λ0 = 0)
are valid, i.e. if
Rij = 0 , λ0 = const. = 0 , n = 4 , (183)
are fulfilled then
aiz =
1
grs · ξ
r
⊥
· ξs
⊥
· Rjmnk · u
m · un · ξj
⊥
· ξk
⊥
· ξi
⊥
= (184)
= Rjmnk · u
m · un · nj · nk · ξi
⊥
= g · ξi
⊥
, (185)
where
nj =
ξj
⊥√
| grs · ξ
r
⊥ · ξ
s
⊥ |
, (186)
g =Rjmnk · u
m · un · nj · nk . (187)
If az is a centripetal acceleration interpreted as gravitational acceleration
for a free spinless test particles moving in an external gravitational field (Rij =
0) then the condition g < 0 should be valid if the centripetal acceleration
is directed to the particle. If the centripetal acceleration is directed to the
gravitational source (in the direction ξ⊥) then g > 0.
From a more general point of view as that in the ETG, a gravitational the-
ory could be worked out in a (Ln, g)-space where az could also be interpreted
as gravitational acceleration of mass elements or particles generating a gravita-
tional field by themselves and caused by their motions in space-time.
4. If we consider a frame of reference in which a mass element (particle) is
at rest then ui = gi4 ·u
4 and ξi
⊥
= gia ·ξ
a
⊥
:= gi1 ·ξ
1
⊥
. The centrifugal (centripetal)
acceleration aiz could be written in the form
aiz = R1441 · u
4 · u4 · n1 · n1 · ξi⊥ = R1441 · (u
4)2 · (n1)2 · ξi⊥ . (188)
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For the Schwarzschild metric
ds2 =
dr2
1−
rg
r
+ r2 · (dθ2 + sin2 θ · dϕ2)− (1−
rg
r
) · (dx4)2 , (189)
rg =
2 · k ·M0
c2
, (190)
the component R1441 = g11 ·R
1
441 of the curvature tensor has the form [5]
R1441 = −g11 · (Γ
1
44,1−Γ
1
14,4+Γ
1
11 ·Γ
1
44+Γ
1
14 ·Γ
4
44−Γ
1
14 ·Γ
1
14−Γ
1
44 ·Γ
4
41) . (191)
After introducing in the last expression the explicit form of the metric and
of the Christoffel symbols Γijk, it follows for R1441
R1441 =
rg
r3
. (192)
Then
aiz =
rg
r3
· (u4)2 · (n1)2 · ξi⊥ . (193)
If the co-ordinate time t = x4/c is chosen as equal to the proper time τ of
the particle, i.e. if t = τ then
u4 =
dx4
dτ
= c ·
dτ
dτ
= c , n1 = 1 , ξi
⊥
= gi1 · ξ
1
⊥
, (194)
aiz =
rg
r3
· c2 · gi1 · ξ
1
⊥
,
rg
r3
· c2 > 0 . (195)
For the centrifugal (centripetal) acceleration we obtain
a1z =
2 · k ·M0
r3
· ξ1⊥ , (196)
which is exactly the relative gravitational acceleration between two mass ele-
ments (particles) with co-ordinates xc1 = r and xc2 = r + ξ
1
⊥ [14].
Therefore, the centrifugal (centripetal) acceleration could be used for work-
ing out of a theory of gravitation in a space with affine connections and metrics
as this has been done in the Einstein theory of gravitation.
5 Conclusions
In the present paper the notions of centrifugal (centripetal) and Coriolis’ ve-
locities and accelerations are introduced and considered in spaces with affine
connections and metrics as velocities and accelerations of flows of mass elements
(particles) moving in space-time. It is shown that these types of velocities and
accelerations are generated by the relative motions between the mass elements.
The null (isotropic) vector fields are considered and their relations with the
centrifugal (centripetal) velocity are established. The centrifugal (centripetal)
velocity is found to be in connection with the Hubble law and the generalized
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Doppler effect in spaces with affine connections and metrics. The accelerations
are closely related to the kinematic characteristics of the relative velocity and
relative acceleration. The centrifugal (centripetal) acceleration could be inter-
preted as gravitational acceleration as it has been done in the Einstein theory
of gravitation. This fact could be used as a basis for working out of new gravi-
tational theories in spaces with affine connections and metrics.
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